On a partition identity  by Schmidt, Frank W & Simion, Rodica
JOURNAL OF COMBINATORIAL THEORY, Series A 36, 249-252 (1984) 
Note 
On a Partition Identity 
FRANK W. SCHMIDT AND RODICA SIMION 
Department of Mathematics, 
Southerrl Illinois University, Carbondale, Illinois 62901 
Communicated by the Managing Editors 
Received June 17, 1982 
Two proofs are given, one combinatorial: the other by character theory, for the 
identity, n,, a,! a*! ... a,,! = n, 1”12”2 ... n”“, where /z ranges over all partitions 
A= (1~1202 nun) of n. The two demonstrations yield a simple proof of the known 
formula, det’T(n)= [n,C 1”1202 ... non]‘, rh M ere T(n) is the matrix formed by the 
character table of S,. Finally a sufficient condition is given so that the permanent 
of T(n) is zero. 
1. INTRODUCTION 
During an investigation of the symmetric group S, the following 
relationship was ovserved to hold for small values of n: 
rI a,! a,! . . . a,! = JJ 1”12”2 . . . no”, 
where both products range over 2 iai = n, i.e., over all cycle types in S, or, 
equivalently, over all partitions of n. Indeed, this identity holds for all 
integers n > 0. This result is apparently not new; however, we do not know a 
specific reference for it. The purpose of this note is to establish a novel proof 
of (1) by character theoretic methods. Our proof arises from evaluating the 
determinant of the character table for S, in two different ways. We conclude 
with some remarks and state some open questions regarding the permanent 
of the character table. 
2. PROOF OF THE IDENTITY 
A partition of the integer n will be denoted as L = (l”12”~ ... n”*), where 
C iai = N, and at is the multiplicity of the summand i. 
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A combinatorial argument shows that for any fixed positive integer m, 
where /z ranges over all partitions of n. Both sides of (2) are equal to 
Cka r ~(n - k . m). Hence (1) follows by expanding the factorials and noting 
that any factor m occurs the same number of times in both sides of (1). 
Next we give an alternate proof for the identity (l), involving character 
theory. Let r(n) denote the character table of S, regarded as a matrix with 
(integer) entries x,“, the value of the character a on the conjugacy class p. 
For a general reference see [5 1. 
We begin by considering det’T(n) which is independent of the ordering of 
rows and columns. From the matrix version of the second orthogonality 
relation for characters [3, p. 221 we obtain 
/ det*T(n)] = n 1 cent(I 
a 
where the product is over all partitions of n, and Icent( denotes the 
cardinality common to the centralizer of every element in S, with cycle type 
,I. We note that Icent( = 1 S,]/ class(I)], and since ]class(;l)l = 
n!/l”l . a,! ... nan e a,!, we have 
(3) 
The absolute value sign is unnecessary since every entry in 7(n) is real. 
An alternate evaluation of det*T(n) appears in [4, p. 241, namely, 
det*T(n) = (4) 
By comparing (3) and (4) and cancelling like factors we obtain (1). 
3. THE PERMANENT OF T(n) 
Considering the interpretation of det r(n) given by (4) one may ask if the 
permanent per r(n) has any combinatorial significance. Our only result in 
this direction is 
THEOREM. Let l(n) = # of partitions of n having an odd number of even 
summands. If l(n) is odd, thelz per T(n) = 0. 
Proof First note that per T(n) does not depend on the particular 
ordering of the rows or columns. 
ON A PARTITION IDENTITY 2.51 
Let p(n) denote as usual the number of partitions of n, and (r’ denote the 
conjugate partition of (r. In particular, u w (r’ is a permutation of the 
partitions of n. Then we have 
per r(n) = S Jj xZc,) = S I1 x&,. 
-Spm) a 0 a 
Now note that x,“’ =x,” . sgn@) for any p, hence each summand in the 
expansion of per T(iz) is multiplied by (-I)““‘. Thus per T(n) = 
(-1)““’ per T(n), and the result follows. 1 
4. REMARKS 
(a) Regarding the value of I(n) in the theorem, it can be shown [2, 
p. 2521 that I(n) = i@(n) - q,,(n)), where q,,(n) is the number of self- 
conjugate partitions of n. It would be interesting to have a proof that I(n) is 
odd for infinitely many values of n. The first few values of I(n) are 
n 1 2 3 4 5 6 1 8 
@I 0 1 1 2 3 5 7 10. 
Therefore, n = 4 is the first nontrivial case not covered by the theorem. 
However, per T(4) = 0 anyway, which can be verified quickly using Laplace 
expansion, 
1 1 1 1 1 
3 1 0 -1 -1 
. 
3 -1 0 1 -1 
1 -1 1 -1 1 
Expanding along all 2 X 2 (permanental) minors along the second and fourth 
columns we see that only two terms, along with their 3 X 3 complementary 
minors, need be evaluated. The result is per T(4) = 0, so the first unsettled 
case becomes it = 8. 
(b) One can obtain the bound 1 per r(n)] < /det r(n)1 by interpreting 
the permanent function as an inner product as in [7, p. 241, and by using the 
fact that r(n) is the transition matrix from the Schur functions to the power 
sum symmetric functions (see [6, p. 35, 621 for the relevant facts). However, 
this inequality appears rather weak in view of the actual values involved for 
2<n<7. 
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(c) Another proof of (2), and therefore a third proof of (l), can be 
given using generating functions. Note that we can view our results of 
Section 2 as giving an independent proof for the known result (4). 
(d) The case m = 1 of the identity (2) appears in [ 1 ] as a problem 
attributed to R. P. Stanley. 
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